SUMMARY
A composite test specimen in the shape of a semicircular curved bar subjected to bending offers an excellent stress field for studying the open-mode delamination behavior of laminated composite materials. This is because the open-mode delamination nucleates at the midspan of the the curved bar. The classical anisotropic elasticity theory was used to construct a "multilayer" theory for the calculations of the stress and deformation fields induced in the multilayered composite semicircular curved bar subjected to end forces and end moments. The radial location and intensity of the open-mode delamination stress were calculated and were compared with the results obtained from the anisotropic continuum theory and from the finite element method. The multilayer theory gave more accurate predictions of the location and the intensity of the open-mode delamination stress than those calculated from the anisotropic continuum theory. 
INTRODUCTION
One of the major causes of stiffness and strength degradations in laminated composite structures is the delaminations between composite layers. In most engineering applications, laminated composite structures have certain curvatures (for example, curved panels and curved beams). If the curved composite structure is subjected to bending that tends to flatten the composite structure, tensile stresses can be generated in the thickness direction of the composites. Also, shear stresses could be induced if the bending is not a "pure" bending. Under normal operations, if the above type of bending occurs cyclically, open-mode delaminations or shear-mode delaminations could nucleate at the sites of peak interlaminar tensile stresses or at the sites of peak interlaminar shear stresses. Continuation of these bending cyclings will cause the delamination zones to grow in size and ultimately cause the composite structures to lose their structural integrity (loss of stiffness and strength) due to excessive delaminations.
The type of delamination failure (open mode or shear mode) depends on which type of interlaminar strength (tensile or shear) is reached first.
One of the most appealing geometries of a fatigue test coupon for studying the composite delamination phenomenon is the semicircular curved bar shape (C-coupon). When such a test specimen is subjected to end forces (that is, nonpure bending), the peak radial stress (tension, if the bending tends to increase the radius of the curvature of the curved bar) and the peak shear stress induced in the curved bar will be identical in magnitudes but are out of phase in the tangential direction by _.1 Namely, the peak radial stress is located at the midspan point of the semicircular curved bar, but the peak shear stresses occur at both ends of the semicircular curved bar. The radial distance of both thepeakradial andthepeakshear stresses areexactlythesame. l Theabove nature of thesemicircular curved baroffersanexcellent situation forstudying theinitiationandsubsequent propagation of delamination zones (open-mode or shear-mode) under cyclicloadings andfor studying thefatigue behavior (degradation of stiffness andstrength) of multilayered composite materials. In reference 1,Ko represented themultilayered composite semicircular barwith anequivalent continuous anisotropic material, andcalculated radiallocations andintensities of peakradialstresses induced in thecurvedbarsubjected to endforcesandendmoments. Radiallocationandintensityof peakradial stress werecalculated fordifferent curvedbargeometries (ratiosof outerandinnerradii)andfordifferent degrees of anisotropy. Tolf2 alsoconducted stress analysis of curvedlaminated beams usingbothcontinuous anddiscrete theories. Heconsidered onlythe"pure"bending case. In thispaper themultilayertheory(discrete theoryinstead of continuous theory)andthefiniteelement method wereusedtoperformsimilardelamination analysis of themultilayered semicircular composite curvedbarsubjected to endforcesandendmoments. Theresultingpredictions of locations andintensities of peakradialstresses arecompared withtheresultsof theanisotropic continuum theory presented in reference 1.
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COMPOSITE CURVED BAR Figure 1 shows the geometry of the composite curved bar (C-coupon) for delamination fatigue tests of composite materials.
Because finite areas are needed for the load application points, both ends of the curved bar must be extended slightly. Thus, the C-coupon consists of a semicircular curved region with straight regions at both ends. Under the application of end forces P, the loading axis will have certain offset e from the vertical diameter of the semicircle. Thus, the loading condition on the C-coupon is the summation of the following two loading conditions (see fig. 2 ): (1) end forces P at the ends of the semicircle and (2) end moment M = Pe at the ends of the semicircle.
Because the interface between 0°and 90°composite plies has the highest Poisson's ratio mismatch in laying up the composite plies for fabricating the C-coupon, it is desirable to place the 90°or angle plies at the peak radial stress point to ensure that the delamination will nucleate at that point. Because of this demand, the precise location of the peak radial stress point must be known. The following sections will show how to determine the intensities and radial locations of peak radial stresses in the semicircular composite curved bar.
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ANISOTROPIC CONTINUUM THEORY
For bending a linearly elastic continuous curved bar with cylindrical anisotropy, the Airy stress function F, written in cylindrical coordinate system, takes on the following functional forms: 3 (a) for end forces P ( fig. 2b )
where {A,B,C,D} and {A',B',C',D'} are arbitrary constants that must be determined from boundary conditions, and the two anisotropic parameters/3 and k are respectively defined as
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For the isotropic case, fl = 2 and k = 1.
Thefunctional formgiveninequation (1)isalsoapplicable totheisotropic case (/3= 2 ). However, thefunctional format givenin equation (2) (5) where (-4,B,C,D} are a different set of arbitrary constants.
Stresses in the cylindrically anisotropic body may be expressed in terms of the stress function F as
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and the stress-strain relationships for the plane stress case are given by 
E0
The strains are related to the displacements through the following formulae:
3.1 Stresses
OUOor 7)
Substitution of equations (1) and (2) into equations (6) through (8) yields the following stress equations in terms of the unknown arbitrary constants {A,B,D} or {B',Cr,D'}: 
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Notice that the magnitudes of o-_ (equation (16)) and r_0 (equation (18)) for the case of end forces P are identical, but are out of phase in the 0 direction by _.
Displacements
Using equations (9) through (12), (16) through (18), and (19) through (21), the displacements u_ (equation (13)) and uo (equation (14)) may be integrated to give the following forms, neglecting the rigid body motion terms:
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Delamination Stresses and Their Locations
For the continuous (or single layer) curved bar, the two sets of unknown constants {A,B,D} and {B',C' ,D'} can be determined explicitly from the boundary conditions to give closed-form expressions for the stresses (equations (16) to (21)) and the displacements (equations (22) to (25)). 1'3 By using the extreme condition o _cr_ = 0, the functional expressions for the delamination stress (maximum value of cry) and its radial location were derived in reference 1 for both of the aforementioned loading cases. Figure 3 shows the multilayer (N-layers), semicircular curved bar subjected to both end forces P and end moments M. The stress field and displacement field in each layer i(i = 1,2,... N) for each loading case may be obtained from the results given in section 3.
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MULT_AYER THEORY
Boundary Conditions
At each interface between layers i and i + l(i : 1,2,... N -1), the following boundary conditions for the continuities of stresses and displacements must hold (no sliding between layers).
(a) for end forces P at r = ai:
The boundary conditions at the traction-free inner surface (i -1 = 0) and outer surface (i = N) of the curved bar are at r = ao = a:
at r = aN = b:
._o(ai) = u_, _+ 1)(_)
atr= ao = a:
As mentioned earlier, ¢r_ and r_o (equations (16) and (18)) for the case of end forces P have identical r dependency. Thus, if _r_ satisfies the boundary conditions, r_o will also satisfy the boundary conditions automatically. Therefore, the boundary conditions associated with %o (equations (27), (31), and (33)) are not needed. The last equation needed for each loading case is the condition that the end force P or the end moment M is balanced by the stresses in the curved bar:
(a) for end forces P
where the negative signs in front of P and M am to increase the radius of curvature of the curved bar, and r0 is the unknown radial location where ¢ro = 0. For pure bending we have
Therefore (since r0 term vanishes), equation (40) becomes:
Boundary Conditions in Final Forms
After substitution of stress and displacement expressions given respectively in sections 3.1 and 3.2 into the boundary conditions given in section 4.1, the following final forms of the boundary conditions am obtained:
(a) for end forces P for a_(1) (equation (30)):
for cr_i) (equation (26)):
for ¢r_N) (equation (32)):
for u{_i) (equation (28)):
for u_i) (equation (29)):
,o,
Equation (47) was obtained by taking the difference between the boundary conditions (28) and (29). This was done because the resulting expression (47) is simpler than using equation (29).
for P (equation (39)):
for cry0 (equation (34)):
for err(N) (equation (38)):
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for M (equation (42)):
Delamination Stresses and Their Locations
(53)
At exactly which layer the value of ar for each loading case will become maximum cannot be predicted until after all the unknown arbitrary constants {Ai, Bi, Ci) or {B_, C_, D_} are determined from the appropriate boundary conditions given in section 4.2. Suppose ( at)max (or (_)max), the maximum value of ar due to end forces P (or end moments M), occurs in the ith layer;, then by using the extreme condition 0 a = 0, the radial location rm (or b7 r r_) of (a,)m_x (or (a',)_x) may be calculated from equation (16) (or equation (19)) as: 
Delamination Stress in C-coupon
The delamination stresses ( err)max (due to P) and ( trOt)max(due to M) do not occur at the same radial locations of the curved bar (see equations (55) and (56)). Thus, the delamination stress crD in the C-coupon cannot be constructed by simply summing up (cr,)m_ and (cr_)ma_. The value of o'n must be evaluated at r --rD where the summation of the radial stress crr( r, ,_) due to P and the radial stress crr(r) due to M become maximum. Namely,
where, the value of rD is calculated from the following extreme condition:
which, after substitution of equations (16) and (19) and after performing differentiation, becomes
As will be seen later, the radial location rD of the delamination stress aD in the C-coupon is somewhere between (that is rm < rD < r_). rm and rra
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NUMERICAL EXAMPLES
The anisotropic continuum theory and the multilayer theory presented respectively in sections 3 (or ref. 1) and 4 will now be applied to the delamination analysis of the composite C-coupon. One type of composite C-coupon under development has the following geometry and ply properties: 
Equivalent Continuum
In order to apply the anisotropic continuum theory, the laminated composite C-coupon be represented by an equivalent anisotropic continuum having the following effective material properties: 
Multilayer System
For the purpose of applying the multilayer theory to the C-coupon, the extended linear regions at both ends will be neglected, and only the semicircular region subjected to two types of loadings (end forces P and end moments M, figure 2) will be considered. For simplification, each group of 25 layers of the 0°plies will be represented by one layer of anisotropic continuum, and the center region of 4 layers of 4-15 o angle plies will be represented by another anisotropic continuum. Thus, the 54-layer composite will be represented by 3 layers of anisotropic continua. 
FINITE ELEMENT ANALYSIS
To verify the solution accuracies of the analysis for which the actual loading condition of the C-coupon was represented with the superposition of two loading cases of the semicircular curved bar (see fig. 2 ), finite element stress analysis was performed on the semicircular curved bar (under two loading cases) and on the C-coupon using the structural performance and resizing (SPAR) finite element computer program. 5 Figures 4 and 5 respectively show the SPAR finite element models set up for the semicircular curved bar and the C-coupon. Because of symmetry with respect to the x axis, only the half span of the semicircular curved bar and the C-coupon were modeled.
Both systems were first reduced to three-layer systems as defmed in section 5.2. Then layers 1, 2, and 3 were respectively modeled in 10, 2, and 10 layers of quadrilateral membrane E41 elements in the r direction.
In the tangential direction, the quarter-circular region (0 < 0 < _)of the two systems was modeled with 90 E41 elements. The extended region (-e < z < 0) of the C-coupon was modeled with 25 layers of E41 elements in the x direction. 
RESULTS
7.1
Semicircular Curved Bar Figure 6 shows the distributions of err in the 0 = _ plane for the case of end forces .P calculated from different theories. The values of (Or)max and rra calculated from different theories are indicated in the figure. The values of ( O'r)max calculated from different theories are quite close, except its location r,n. The multilayer theory and the finite element method predicted close values of rm. The ( o's)max site predicted from the anisotropic continuum theory is located slightly closer to the middle surface than the (err)max sites predicted from the multilayer theory and SPAR. The ( err)max site for the isotropic material is closest to the middle surface and is always located between the middle surface and the ( err)max site predicted from the anisotropic continuum theory. This can be seen more clearly from the plots shown in figure 7.
The distance between the sites of ( Or)max predicted from the multilayer theory and the anisotropic continuum theory is (that is, value of r_ is quite insensitive to the theory used. The multilayer theory predicted the shortest distance of r m the ( O'lr)max site is closest to the inner boundary of the curved bar). The site of ( cr_)max predicted from the anisotropic (%)max site, based on isotropic theory. This is continuum theory always lies between the middle surface and the shown in figure 9 .
The distance between the sites of ( cr_)max predicted from the multilayer theory and the anisotropic continuum theory is given below 
C-Coupon
In order to determine the radial location rD and magnitude of delamination stress crD for the C-coupon, the two radial stresses calculated from the semicircular curved bar due to P and M were summed up. The results are shown in figure 12 for multilayer, anisotropic, and isotropic cases. Notice that the radial location rD predicted from all but closer to rm instead of r_ because the stress contribution due to P is larger three theories lie between rra and r m than that due to M ( e < am). The distance between the locations of CrDpredicted from multilayer and anisotropic continuum theories is about 1.05 times the ply thickness.
The finite element solution data points obtained from the C-coupon model lie in the vicinity of the two curves obtained from the multilayer and anisotropic continuum theories. The intensity and the radial location of crD predicted from SPAR (C-coupon) are closest to those predicted from the multilayer theory. Table 2 summarizes the values of o-D and rD predicted from different theories. Figure13showsthedeformed shape of the C-coupon subjected to end forces P. displacement t,, at midspan and at the free end are shown in the figure.
Q
CONCLUSIONS
The dimensionless radial
The multilayer theory was developed for delamination analysis of a semicircular composite curved bar subjected to end forces and end moments. The difference between the radial locations of the delamination stress (maximum radial stress) predicted from the multilayer theory and from the anisotropic continuum theory was approximately 1.4 times the ply thickness for the case of end forces and about 1/10 of the ply thickness for the case of end moments.
The superposition method (namely, by summing up the two radial stresses induced in the semicircular curved bar subjected to end forces and end moments), used to construct the delamination stress in the C-coupon, gave reasonably accurate intensity of the delamination stress for the C-coupon. The finite element analysis of the C-coupon gave the radial location of the delamination stress in the C-coupon much closer to that predicted from the multilayer theory than from the anisotropic continuum theory. 
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